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Abstract: This paper examines the issues of neutrality and optimum quantity of money
in the context in which transaction services of money are imputed and enter a utility
functional of a recursive class. We show that the results are diametrically different
from the case of money in the utility function. The reason is due to the fact that in
response to changes in nominal interest rates, agents adjust their real balance holdings
hyperbolically to keep the marginal rate of substitution between real balances and
consumption unitary. As of steady state, we show that capital intensity, consumption,
transaction services, the rate of time preference, and agent’s welfare are all invariant
to monetary expansion, which is termed hyperneutrality. This strong neutrality holds
whether the marginal impatience is increasing or decreasing in consumption and real
balances. Friedman’s argument for the optimum quantity of money and the optimum
money supply rule is, therefore, no longer applicable. To distinguish transactions
services from money accords with Walras’s crucial distinction between money as a
stock and its services of availability as a flow.
Keywords: Recursive preferences, transaction services, marginal patience, optimum
quantity of money, hyperneutrality
JEL classification: E2, E4, D9

1. Introduction to the Neutrality Issue of Money
How to capture the role of money in general equilibrium has long been debated. The
controversy dates back to Walras (1874), Hicks (1935), and Patinkin (1956) (Bridel,
2002; Ostroy, 1989). Yet, money in the utility function has been a first-hand approach to
address many macro-monetary issues. While it competes with more explicit theorising
of money, e.g., to save transaction time (Baumol, 1952; Tobin, 1956), or to prepare
against a stochastic process of payment and receipt (Patinkin, 1956, 1987) or to store
value (Lucas, 1972; Samuelson, 1958), or to meet liquidity/cash-in-advance constraints
(Clower, 1967), it has been argued that it is functionally equivalent to such explicit
theorising under proper interpretations (Feenstra, 1986).1
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1
Hayakawa (1994) demonstrated that if a cash-in-advance constraint (Clower, 1967) is reformulated along
either the Baumol-Tobin transactions theory or McCallum’s shopping time theory (McCallum, 1983), the
Stockman-Abel type cash-in-advance model (Abel 1985; Stockman, 1981) is essentially equivalent to the
Sidrauski model with money in the utility function (Sidrauski, 1967a, 1967b). This equivalence, however, is
a
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In particular, it has been argued à la Baumol (1952), Tobin (1956), and McCallum
(1983) that money yields the so-called transaction services, and that such services can
be measured by the amount of interest that agents are willing to forego on interestbearing assets. This argument, however, raises a fundamental question: Why do we
not consider imputed transaction services in the utility function directly rather than
entering money as a proxy for such services? The idea of imputed transaction services
is more in line with Walras’s insight that it is the marginal utility of such services that
should be compared with the marginal utility of any other good in determining the
quantity of money to hold (Bridel, 2002). This is evident in Walras’s distinction between
money as a stock and the “services of availability” (service d’approvisionnement) that
money yields as a flow. Also, the violation of the Fisher equation due to the MundellTobin effect (Mundel, 1963; Tobin, 1965) is an indication that agents, under higher
nominal interest rates, shift money to bonds to keep transaction services of money in
line with consumption. The distinction is crucial in addressing how money affects real
decisions and steady-state equilibrium.
We demonstrate that the imputed transaction services of real balances in the
utility function bears drastically different implications for the neutrality of money.2 This
issue, in neoclassical growth theory, dates back to Tobin (1965) and Johnson (1966)
(Hayakawa, 1984, 1986), but it was Sidrauski (1967a, 1967b) who addressed it using
a normative intertemporal model that features money in the utility function and a
constant rate of time preference, and showed that money is superneutral. The issue is
still widely debated from a number of different perspectives (e.g., Ascari, 1998; Epstein
& Hynes, 1983; Hayakawa, 1992, 1994; Homburg, 2015; Longaretti & Gatti, 2004, 2006;
Orphanides & Solow, 1990; Rapach, 2003; Reis, 2007; Vaona, 2016; Wang, 2012).3 This
paper gives another perspective to this literature by imputing the flow of transaction
services of money and replacing money with this flow in the utility function. Agents

2

3

based on the assumption that time allocation tradeoffs are restricted to leisure and transaction time. He
also demonstrated that if such tradeoffs are extended to include production time, money affects both the
rate of time preference and the marginal productivity of capital. Also, with endogenous labour and capital,
Wang and Yip (1992b) demonstrated that the three alternative approaches: money in the utility function,
the cash-in-advance constraint, and the transactions cost, are qualitatively equivalent in that they yield
similar comparative static results. Moreover, Patinkin (1956) introduced the real balance effects of money
in the utility function, as a mechanism that restores equilibrium and reconciled Walrasian equilibrium
with the presence of money (Bridel, 2002). This mechanism, however, has to be re-evaluated if money is
replaced with transaction services.
Sidrauski (1967a) considers the flow of transaction services of real cash balances in the utility function, but
he assumed that this flow is proportional to cash balances with the proportionality factor of one. Hence,
his treatment of cash balances is essentially the same as money in the utility function.
Mundel (1963) and Tobin (1965) argued that an increase in the growth rate of money supply may raise
the nominal interest rate by less than it increases the inflation rate since higher nominal interest rates
increase the demand for bonds, thereby lowering real interest rates; see also Buyer and Hodrick (1982)
on this effect. Such effects violate the Fisher equation. Sidrauski (1967a, 1967b), however, showed that
money is superneutral, which was challenged by Epstein and Hynes (1983), Hayakawa (1992, 1994),
Uzawa (1968), and others. The issue hinges on whether the rate of time preference is constant or
affected by the monetary expansion. In more recent years, Ascari (1998) showed, under staggered wage
setting, that monetary expansion has significant negative effects on steady state output and welfare. On
the other hand, Rapach (2003) in his empirical study covering fourteen industrialised countries using a
structural VAR model, reported that a permanent increase in inflation lowers the long-run real interest
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now respond to nominal interest rates by adjusting their holdings of real balances so
as to keep the marginal rate of substitution between real balances and consumption
unitary. That is, the quantity of real balances will adjust hyperbolically to keep this
service flow in line with this condition. Such behaviour differs sharply from the case of
money in the utility function.
One intriguing fact about money in the utility function can be illustrated in the
Sidrauski model (1967a, 1967b), which exhibits that money is neutral to both steadystate real output and consumption, but not to real balance holdings. Because real
balances fall with monetary expansion, the agent’s welfare declines in steady state. But,
if what is consumed is counted, namely, consumption and imputed transaction services,
the agent’s composite consumption (the sum of the two) actually increases. This is
perplexing since agents are consuming more of this composite consumption. In a more
restricted case, if the recursive preferences in the Sidrauski model are homothetic with
an iso-elastic felicity function, the foregone nominal interest earnings are, as shown
later, always kept proportional to consumption (e.g., Cohen, 1985). Therefore, neither
physical consumption nor imputed transaction services are affected by the monetary
expansion, hence leaving composite consumption unchanged. Yet, if money is an
argument, the agent’s welfare declines because real balance holdings fall. This problem
can be avoided once transaction services replace money in the utility function.
This paper shows that transaction services, rather than money, yield entirely
different implications for the neutrality of money as well as for the optimum quantity
of money, and avoids the aforementioned problem of falling welfare. Specifically, we
analyse a normative growth model in which agents have money illusion-free recursive
preferences of a general class under endogenously varying time preferences, and
demonstrate two propositions: (1) Money is hyperneutral in that both capital intensity
(and consumption) and transaction services of real balances, hence the agent’s welfare,
are invariant to the monetary expansion. This neutrality holds whether the marginal
impatience is increasing or decreasing. (2) Because of this invariance, Friedman’s
argument for the optimum quantity of money, which amounts to driving the marginal
rate of substitution between money and consumption to zero, as well as for the
optimal growth rate of money supply to achieve this condition is no longer valid. These
propositions are obtained because the agents’ optimal intertemporal decisions require
rate and increases the long-run output in many countries. In an endogenous growth context, however,
Deev and Hodula (2016), employing a similar VAR model, confirmed the long-run superneutrality of
money. Reis (2007), once again, studied the equilibrium dynamics of the Sidrauski model and reported
both the neutral and non-neutral cases. Lioui and Poncet (2008) then showed that money is nonsuperneutral under the presence of uncertainty even if the utility function is separable in money and
consumption, because the real interest rate is affected. Also, Wang (2012) analysed the case in which the
time preference rate is given as a function of the real interest rate in the Sidrauski model, and showed
that money is superneutral. On the other hand, Longaretti and Gatti (2004, 2006) approached the issue
from the perspective of wealth, consumption, and bequests in the context of an overlapping generations
model, and demonstrated that money is non-superneutral when agents are heterogeneous while it is
superneutral when they are homogeneous. Vaona (2016) has written a survey article on anomalous
empirical evidence about the superneutrality and the vertical long-run Phillips curve. Furthermore, Wang
and Yip (1992a) reported in the context of endogenous growth that if money serves as a Hicks-neutral
technological factor, money is superneutral to economic growth.
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that the marginal rate of substitution between real balances and consumption be
unitary. They are obtained without imposing any particular assumption on the shape
of the recursive preferences, and are in sharp contrast with what money in the utility
function entails (Asako, 1983; Epstein & Hynes, 1983; Friedman, 1969; Hayakawa, 1992).
The neutrality of money has a long history (Patinkin, 1987), and it has been
debated in the context of both static and dynamic models, in reference to whether
real and nominal variables can be dichotomised, or whether money is just a veil (Gale,
2010). Here we present a normative model, which closes the two conceivable channels
for possible effect of money on agents’ decisions: the wealth effect and the nominal
interest rate effect. The model demonstrates that money is neutral to all real variables
in steady state even including transaction services.
This finding is obtained whether the instantaneous discounting function is
increasing or decreasing in consumption and real balances. Koopmans (1986, pp.
94-95) and Barro and Sala-i-Martin (1995, p. 109) were doubtful of the assumption
of the increasing marginal impatience, and Becker and Mulligan (1997) addressed
time preferences from the perspective of endogenous activities that are linked to
future utilities through imagination and capital accumulation. The declining marginal
impatience is opposed to what Uzawa (1968) and Koopmans (1960) assumed in earlier
formulations. We show that the complete neutrality of money holds regardless of
the nature of the marginal impatience. This is an important corollary to the neutrality
demonstrated in this paper.4

2. Analysis
Consider the following decentralised setting: Output is produced by capital and labour
according to a constant returns to scale (CRS) production function written in an
intensive form as f(k) where k denotes capital intensity. The capital and labour markets
are competitive, clearing at every moment of time; hence, the real interest rate r(t) and
the real wage rate w(t) equal their marginal products.
(1)

𝑟𝑟(𝑡𝑡) = 𝑓𝑓′(𝑘𝑘(𝑡𝑡))

𝑤𝑤(𝑡𝑡) = 𝑓𝑓(𝑘𝑘(𝑡𝑡)) − 𝑓𝑓′(𝑘𝑘(𝑡𝑡))𝑘𝑘(𝑡𝑡)

(2)

Each agent, endowed with one unit of labour, supplies it inelastically to earn
real wages, w(t), at each time t. The agent’s real asset holdings, a (t), is comprised of
capital, k(t), and real balances, m(t), and his income amounts to r(t) a(t) + w(t) + ω (t)
(the monetary transfers from the government), which, after allowances are made for
fertility n and inflation π(t), is distributed to consumption, c(t), and asset accumulation,
4

There have been several attempts to examine the superneutrality under the assumption of decreasing
marginal impatience. Gong (2006), for instance, showed that inflation reduces the resources oriented to
the future and raises, thereby, the rate of time preference, which results in reduced capital stock. This
result is opposite to what is obtained under increasing marginal impatience. Chen, Hsu and Lu (2011), on
the other hand, examined, in the presence of a cash-in-advance constraint, the effect of higher monetary
growth rates on capital, consumption and welfare in the long-run, and reported that Friedman’s money
supply rule does not apply, and confirmed the existence of a mild positive optimal inflation rate.
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ȧ(t), where a dot over a variable denotes its time derivative. This defines the dynamic
budget constraint.
𝑎𝑎̇ (𝑡𝑡) = 𝑟𝑟(𝑡𝑡)𝑎𝑎(𝑡𝑡) − 𝑛𝑛𝑛𝑛(𝑡𝑡) + 𝑤𝑤(𝑡𝑡) + 𝜔𝜔(𝑡𝑡) − 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡) − 𝑐𝑐(𝑡𝑡)

(3)

where i (t) is the nominal interest rate equaling r(t) + π(t). We impose the terminal
boundary condition, which excludes Ponzi games:
𝜏𝜏

(4)

lim 𝑎𝑎(𝑡𝑡)𝑒𝑒𝑒𝑒𝑒𝑒 [− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]] = 0

𝑡𝑡→∞

0

The agent is infinitely-lived. We assume that the agent’s preferences are recursive
à la Koopmans (1960) and that they are represented by a utility functional (Epstein,
1987a, b; Uzawa, 1968), without imposing any assumption on the nature of the
marginal impatience (Becker and Mulligan, 1997). In general, if money-illusion is not
precluded a priori, the functional is defined on the paths of consumption, nominal
transaction services and the price level. The reason for considering transaction services
in nominal terms is made clear shortly. We let C, Q and P denote these paths, respectively, with c(t), q(t) and p(t) representing their time t-images. With these notations,
the functional we consider is written as:
∞

𝑡𝑡

𝑉𝑉(𝐶𝐶, 𝑄𝑄, 𝑃𝑃) ≡ ∫ 𝑢𝑢(𝑐𝑐(𝑡𝑡), 𝑞𝑞(𝑡𝑡), 𝑝𝑝(𝑡𝑡))𝑒𝑒𝑒𝑒𝑒𝑒 [− ∫ 𝜗𝜗(𝑐𝑐(𝜏𝜏), 𝑞𝑞(𝑡𝑡), 𝑝𝑝(𝜏𝜏))𝑑𝑑𝑑𝑑] 𝑑𝑑𝑑𝑑

(5)

𝑉𝑉(𝐶𝐶, 𝜆𝜆𝜆𝜆, 𝜆𝜆𝜆𝜆) = 𝑉𝑉(𝐶𝐶, 𝑄𝑄, 𝑃𝑃)

(6)

𝑢𝑢(𝑐𝑐, 𝑞𝑞, 𝑝𝑝) = 𝑢𝑢(𝑐𝑐, 𝑥𝑥, 1) ≡ 𝑣𝑣(𝑐𝑐, 𝑥𝑥)

(7)

0

0

where u(c(t),q(t),p(t)) and ϑ (c(t),q(t),p(t)) are referred to as the instantaneous utility
and discounting functions, respectively. We now impose that the functional is moneyillusion free in the sense that simultaneous doubling of the paths of money holdings
and the price level leaves the value of the functional unchanged. That is,

Clower and Riley (1976), Dusansky and Kalman (1974, 1976), and Wichers (1976)
discussed the issue of money-illusion in the context of static consumer theory. Ours is a
dynamic extension of their argument.
The assumption that the utility functional we consider is money-illusion free
amounts to assuming that the instantaneous utility and discounting functions are
homogeneous of degree zero in nominal transaction services and the price level. That is,

𝜗𝜗(𝑐𝑐, 𝑞𝑞, 𝑝𝑝) = 𝜗𝜗(𝑐𝑐, 𝑥𝑥, 1) ≡ 𝛿𝛿(𝑐𝑐, 𝑥𝑥) where 𝑥𝑥 = 𝑞𝑞/𝑝𝑝

(8)

Here, we measure nominal transaction services, q, by nominal interest earnings, iM,
where i is the nominal interest rate and M is money holdings in nominal terms. With
this measurement, x equals im where m = M/p. A path of transaction services in real
terms shall be denoted by X.
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In terms of v(c,x) and δ (c,x), the money-illusion free functional is written as:
∞

𝑡𝑡

𝑈𝑈(𝐶𝐶, 𝑋𝑋) ≡ ∫ 𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝑒𝑒𝑒𝑒𝑒𝑒 [− ∫ 𝛿𝛿(𝑐𝑐(𝜏𝜏), 𝑥𝑥(𝜏𝜏))𝑑𝑑𝑑𝑑] 𝑑𝑑𝑑𝑑
0

(9)

0

In the sequel, the functions, v(c(t),x(t)) and δ (c(τ),x(τ)), are assumed to be positive and
twice continuously differentiable; they are also strictly concave and convex, respectively.
While the function v(c(t), x(t)) is assumed to have positive partial derivatives, the
discounting function δ (c(τ), x (τ)) can have positive or negative partial derivatives
depending on whether the marginal impatience is increasing or decreasing. Also,
consumption and transaction services are assumed to be Edgeworth-complementary in
both functions; that is, vcm (c,x) > 0 and δcm (c,x) > 0.
In characterising the optimality conditions below, we shall make use of the righthand tail paths of consumption and transaction services. These are the paths that are
obtained by advancing the original paths, C and X, by t units of time. Formally, they are
the paths whose time τ-images equal c(t + τ) and m(t + τ). We denote them by tC and
t X. For such paths, the functional (1) gives:
∞

𝜏𝜏

𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋) ≡ ∫ 𝑣𝑣(𝑐𝑐(𝑡𝑡 + 𝜏𝜏), 𝑥𝑥(𝑡𝑡 + 𝜏𝜏))𝑒𝑒𝑒𝑒𝑒𝑒 [− ∫ 𝛿𝛿(𝑐𝑐 (𝑡𝑡 + 𝑠𝑠 ), 𝑥𝑥(𝑡𝑡 + 𝑠𝑠 ))𝑑𝑑𝑑𝑑 ] 𝑑𝑑𝑑𝑑
0

∞

0

𝜏𝜏

= ∫ 𝑣𝑣(𝑐𝑐(𝜏𝜏), 𝑥𝑥(𝜏𝜏))𝑒𝑒𝑒𝑒𝑝𝑝 [− ∫ 𝛿𝛿(𝑐𝑐(𝑠𝑠), 𝑥𝑥(𝑠𝑠))𝑑𝑑𝑑𝑑 ] 𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

(10)

The optimal paths of consumption and transaction services are determined by
solving the following optimisation problem:
∞

𝑀𝑀𝑀𝑀𝑀𝑀 (𝑈𝑈, 𝑋𝑋) = ∫ 𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝑦𝑦(𝑡𝑡)𝑑𝑑𝑑𝑑

(11)

𝑥𝑥(𝑡𝑡) = 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)

(12)

𝑎𝑎̇ (𝑡𝑡) = 𝑟𝑟(𝑡𝑡)𝑎𝑎(𝑡𝑡) − 𝑛𝑛𝑛𝑛(𝑡𝑡) + 𝑤𝑤(𝑡𝑡) + 𝜔𝜔(𝑡𝑡) − 𝑥𝑥(𝑡𝑡) − 𝑐𝑐(𝑡𝑡)

(14)

subject to:

0

𝑦𝑦̇ (𝑡𝑡) = −𝛿𝛿(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝑦𝑦(𝑡𝑡)

The initial conditions: y(0) = 1 and a(0) = a 0 (given)

(13)

where the paths of the real interest, the wage rate, and the inflation rate are given as
∞
∞
{𝑟𝑟(𝜏𝜏)}∞
𝜏𝜏=0 , {𝑤𝑤(𝜏𝜏)}𝜏𝜏=0 , and {𝜋𝜋(𝜏𝜏)}𝜏𝜏=0 , respectively. With the nominal interest defined
as i(t) = r(t) + π(t), its path {𝑖𝑖(𝜏𝜏)}∞
𝜏𝜏=0 is known from the paths of the real interest rate
and the inflation rate. Also, the expected path of the monetary transfers from the
government, {𝜔𝜔(𝜏𝜏)}∞
𝜏𝜏=0 , is given at the outset. Foresight is assumed to be perfect.
284
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With x(t) = i(t)m(t) substituted in, we may rewrite the optimisation problem as:
∞

𝑀𝑀𝑀𝑀𝑀𝑀 𝑈𝑈(𝐶𝐶, 𝑀𝑀) = ∫ 𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))𝑦𝑦(𝑡𝑡)𝑑𝑑𝑑𝑑

(15)

𝑦𝑦̇ (𝑡𝑡) = −𝛿𝛿(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))𝑦𝑦(𝑡𝑡)

(16)

subject to:

0

𝑎𝑎̇ (𝑡𝑡) = 𝑟𝑟(𝑡𝑡)𝑎𝑎(𝑡𝑡) − 𝑛𝑛𝑛𝑛(𝑡𝑡) + 𝑤𝑤(𝑡𝑡) + 𝜔𝜔(𝑡𝑡) − 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡) − 𝑐𝑐(𝑡𝑡)

(17)

The initial conditions: y(0) = 1 and a(0) = a 0 (given).

We write the Hamiltonian of this problem as:
𝐻𝐻[𝑐𝑐(𝑡𝑡), 𝑚𝑚(𝑡𝑡); 𝜆𝜆(𝑡𝑡), 𝜇𝜇(𝑡𝑡)]

≡ 𝑦𝑦(𝑡𝑡)[𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]

+𝜇𝜇(𝑡𝑡){𝑟𝑟(𝑡𝑡)𝑎𝑎(𝑡𝑡) − 𝑛𝑛𝑛𝑛(𝑡𝑡) + 𝑤𝑤(𝑡𝑡) + 𝜔𝜔(𝑡𝑡) − 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡) − 𝑐𝑐(𝑡𝑡)}

(18)

where λ(t) and μ(t) are the costate variables of y(t) and a(t). Prontryagin’s maximum
principle yields the following optimality conditions:
𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))] = 𝜇𝜇(𝑡𝑡)

𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]𝑖𝑖(𝑡𝑡) = 𝜇𝜇(𝑡𝑡)𝑖𝑖(𝑡𝑡)

𝜆𝜆̇(𝑡𝑡) = −

𝜇𝜇̇ (𝑡𝑡) = −

𝜕𝜕𝜕𝜕(𝑡𝑡)
= −[𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿(𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]
𝜕𝜕𝜕𝜕(𝑡𝑡)
𝜕𝜕𝜕𝜕(𝑡𝑡)
= −[𝑟𝑟(𝑡𝑡) − 𝑛𝑛]𝜇𝜇(𝑡𝑡)
𝜕𝜕𝜕𝜕(𝑡𝑡)

(19)
(20)
(21)
(22)

The transversality conditions are:

(23)

lim 𝑦𝑦(𝑡𝑡) 𝜆𝜆(𝑡𝑡) = 0

𝑡𝑡→∞

lim 𝜇𝜇(𝑡𝑡) 𝑎𝑎(𝑡𝑡) = lim 𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]𝑎𝑎(𝑡𝑡)

𝑡𝑡→∞

𝑡𝑡→∞

= lim 𝑦𝑦(𝑡𝑡) [𝑣𝑣𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑚𝑚(𝑡𝑡)) − 𝜆𝜆(𝑡𝑡)𝛿𝛿𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑚𝑚(𝑡𝑡))]𝑎𝑎(𝑡𝑡) = 0
𝑡𝑡→∞

(24)

The solution of the differential equation (21) is given by:
∞

𝜏𝜏

𝜆𝜆(𝑡𝑡) = ∫ 𝑣𝑣(𝑐𝑐(𝜏𝜏), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝜏𝜏))𝑒𝑒𝑒𝑒𝑒𝑒 [− ∫ 𝛿𝛿(𝑐𝑐(𝑠𝑠), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑠𝑠))𝑑𝑑𝑑𝑑] 𝑑𝑑𝑑𝑑 = 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋) (25)
𝑡𝑡

𝑡𝑡

This solution implies that the transversality condition (23) requires that the present
discounted value of the future life-time utility vanish in the indefinite future.
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With (25) substituted in and with (22) integrated, conditions (19)–(22) are consolidated as (along with condition (23)):
𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))] = 𝜇𝜇(𝑡𝑡)

𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]𝑖𝑖(𝑡𝑡) = 𝜇𝜇(𝑡𝑡)𝑖𝑖(𝑡𝑡)
𝑡𝑡

𝜇𝜇(𝑡𝑡) = 𝜇𝜇(0)𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫0 [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝜏𝜏}

(26)
(27)
(28)

lim 𝜇𝜇(𝑡𝑡) 𝑎𝑎(𝑡𝑡)

𝑡𝑡→∞

= lim 𝑦𝑦(𝑡𝑡)[𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]𝑎𝑎(𝑡𝑡)
𝑡𝑡→∞

= lim 𝑦𝑦(𝑡𝑡))[𝑣𝑣𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡))]𝑎𝑎(𝑡𝑡) = 0
𝑡𝑡→∞

(29)

The optimality requires that the marginal utility of consumption and real balances in
the Volterra derivative sense on the left side of (26) and (27) be equal to the implicit
utility value of the marginal value of time t-assets with respect to consumption and
real balances on the right side; see Epstein (1987a, b), Volterra (1959) and Wan (1970)
for Volterra derivatives, and Hayakawa and Ishizawa (1993, 1997) for the economic
meaning of conditions (26) and (27). By condition (28), the marginal utility of time
t-assets declines at rate r(t) – n from its initial value μ(0). The transversality condition
(29) states that the utility value of the stock of real assets where the marginal utility of
time t-assets is used as its implicit utility price vanishes in the indefinite future.
Notice that since the nominal interest rate appears on both sides of (27), it can
be cancelled. Hence, (27) takes the same form as (26), which indicates that in real
terms, real balances cost as much as consumption; this is so because what one pays
for interest foregone can be converted to consumption one-to-one. Taking the ratio of
conditions (26) and (27) shows that the temporal marginal rate of substitution between
real balances and consumption is unitary. That is, with x (t) = i(t)m(t) substituted in,
𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))

𝑣𝑣𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡)) − 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)𝛿𝛿𝑚𝑚 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))

=1

(30)

This condition shows that at each moment, transaction services measure by x (t) =
i (t)m(t) and consumption are related implicitly by some function G:
𝐺𝐺(𝑥𝑥(𝑡𝑡), 𝑐𝑐(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)) = 0

(31)

𝑥𝑥(𝑡𝑡) ≡ 𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡) = 𝐹𝐹[𝑐𝑐(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]

(32)

Solving this for x(t) gives:

With this relationship taken into account, the Keynes-Ramsey rule of consumption
is obtained as follows: First, taking the logarithmic time derivative of (26) gives:
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𝑐𝑐̇
𝑥𝑥̇
−𝜌𝜌𝑐𝑐 (𝑡𝑡) + 𝜉𝜉 𝑐𝑐𝑐𝑐 + 𝜉𝜉 𝑐𝑐𝑐𝑐 = −[𝑟𝑟(𝑡𝑡) − 𝑛𝑛]
𝑐𝑐
𝑥𝑥
where
[𝑣𝑣𝑐𝑐𝑐𝑐 − 𝛿𝛿𝑐𝑐𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]𝑐𝑐
𝜉𝜉 𝑐𝑐𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋) ≡
𝑣𝑣𝑐𝑐 − 𝛿𝛿𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)
𝜉𝜉 𝑐𝑐𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋) ≡

𝜌𝜌𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)) ≡

(33)

[𝑣𝑣𝑐𝑐𝑐𝑐 − 𝛿𝛿𝑐𝑐𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]𝑥𝑥
𝑣𝑣𝑐𝑐 − 𝛿𝛿𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)
𝛿𝛿𝑐𝑐 𝑣𝑣 − 𝛿𝛿𝑣𝑣𝑐𝑐

𝑣𝑣𝑐𝑐 − 𝛿𝛿𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)

where ξ cc is the elasticity of the marginal utility of consumption with respect to
consumption; ξ cx is the elasticity of the marginal utility of consumption with respect to
transaction services; ρ c is the rate of time preference based on the marginal utility of
consumption; see footnote 5 for the derivation of ρ c.5
In a similar manner, taking the logarithmic time derivative of (27) gives:
𝑥𝑥̇
𝑐𝑐̇ 𝐹𝐹𝑈𝑈
= 𝜀𝜀 − [𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝑥𝑥
𝑐𝑐 𝐹𝐹

𝐹𝐹𝑐𝑐 𝑐𝑐
(34)
; Fc and FU are the partial derivatives of function F.
𝐹𝐹
With (34) substituted into (33), the Keynes-Ramsey rule of consumption is obtained as:

where 𝜀𝜀 ≡

𝑐𝑐̇
𝐹𝐹𝑈𝑈
1
𝜉𝜉 𝑐𝑐𝑐𝑐
= − 𝑐𝑐𝑐𝑐
[𝑟𝑟(𝑡𝑡)
−
𝑛𝑛
−
𝜌𝜌(𝑡𝑡)]
+
[𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝜉𝜉 𝑐𝑐𝑐𝑐 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀 𝐹𝐹
𝑐𝑐
𝜉𝜉 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀
≡ Γ[𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋); 𝑟𝑟(𝑡𝑡)]

(35)

And, with this substituted into (34), the Keynes-Ramsey rule of transaction services is
obtained as:
𝑥𝑥̇
𝜀𝜀
𝜀𝜀𝜉𝜉 𝑐𝑐𝑐𝑐
𝐹𝐹𝑈𝑈
= − 𝑐𝑐𝑐𝑐
[𝑟𝑟(𝑡𝑡)
−
𝑛𝑛
−
𝜌𝜌(𝑡𝑡)]
+
[
− 1] [𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝜉𝜉 𝑐𝑐𝑐𝑐 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀
𝐹𝐹
𝑥𝑥
𝜉𝜉 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀

𝜉𝜉 𝑐𝑐𝑐𝑐
𝐹𝐹𝑈𝑈
− 1] [𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝑐𝑐𝑐𝑐
+ 𝜉𝜉 𝜀𝜀
𝐹𝐹

(36)

The instantaneous rate of change of the marginal rate of substitution of consumption between t and t�,
evaluated along locally constant paths of consumption and transaction services (i.e., along paths where
		𝑐𝑐̇ (𝑡𝑡) = 𝑥𝑥̇ (𝑡𝑡) = 0 at the point of measurement), defines the rate of time preference at time t, denoted by
ρ c (t;C,X):
𝑑𝑑
𝜌𝜌 𝑐𝑐 (𝑡𝑡; 𝐶𝐶, 𝑋𝑋) ≡ ′ 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑆𝑆 𝑐𝑐 (𝑡𝑡, 𝑡𝑡 ′ ; 𝐶𝐶, 𝑋𝑋)|𝑡𝑡′=𝑡𝑡,𝑐𝑐̇(𝑡𝑡)=𝑥𝑥̇ (𝑡𝑡)=0
𝑑𝑑𝑡𝑡

5

=

𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝛿𝛿(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡)) − 𝑣𝑣(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))
𝑣𝑣𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡)) − 𝛿𝛿𝑐𝑐 (𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡))𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)

See Hayakawa (1991) for the equivalence between the Böhm-Bawerkian and Fisherian rates of time
preference.
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To see how consumption is related to wealth, we integrate the budget constraint
(14) from time t to ∞ under the terminal boundary condition (4).
∞

𝑠𝑠

∞

𝑠𝑠

∫ 𝑐𝑐(𝑠𝑠)exp{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑 + ∫ 𝑥𝑥(𝑡𝑡)exp{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

𝑡𝑡

= 𝑎𝑎(𝑡𝑡) + ℎ(𝑡𝑡) + 𝑇𝑇(𝑡𝑡)

𝑡𝑡

(37)

where

∞

𝑠𝑠

ℎ(𝑡𝑡) ≡ ∫ 𝑤𝑤(𝑡𝑡)𝑒𝑒𝑒𝑒𝑒𝑒{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

∞

𝑠𝑠

𝑇𝑇(𝑡𝑡) ≡ ∫ 𝜔𝜔(𝑡𝑡)𝑒𝑒𝑒𝑒𝑒𝑒{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

h(t) is the human wealth defined as the present discounted value of the stream of
wage earnings, and T(t) is the present discounted value of the stream of the monetary
transfers. Then, with (35) integrated from time t to any arbitrary time s where s > t,
consumption at time s is related to consumption at time t through:
𝑠𝑠

(38)

𝑐𝑐(𝑠𝑠) = 𝑐𝑐(𝑡𝑡)𝑒𝑒𝑒𝑒𝑒𝑒{∫ Γ[𝑐𝑐(𝜏𝜏), 𝑥𝑥(𝜏𝜏), 𝑈𝑈( 𝜏𝜏𝐶𝐶 , 𝜏𝜏𝑋𝑋); 𝑟𝑟(𝜏𝜏)]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

With (38) substituted into (37), consumption at time t is related to wealth at time t as:
𝑐𝑐(𝑡𝑡) =

1

∞
𝑠𝑠
∫𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒{∫𝑡𝑡 Γ[𝑐𝑐(𝜏𝜏), 𝑥𝑥(𝜏𝜏), 𝑈𝑈( 𝜏𝜏𝐶𝐶 , 𝜏𝜏𝑋𝑋); 𝑟𝑟(𝜏𝜏)]
∞

− [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]}𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑠𝑠

𝑊𝑊(𝑡𝑡)

(39)

where 𝑊𝑊(𝑡𝑡) ≡ 𝑎𝑎(𝑡𝑡) + ℎ(𝑡𝑡) + 𝑇𝑇(𝑡𝑡) − ∫ 𝑥𝑥(𝑠𝑠)𝑒𝑒𝑒𝑒𝑒𝑒{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

W(t) can be decomposed into two parts, real and monetary. They are defined as:
(40)

𝑊𝑊𝑟𝑟 (𝑡𝑡) ≡ 𝑘𝑘(𝑡𝑡) + ℎ(𝑡𝑡)

∞

𝑠𝑠

𝑊𝑊𝑚𝑚 (𝑡𝑡) ≡ 𝑚𝑚(𝑡𝑡) + 𝑇𝑇(𝑡𝑡) − ∫ 𝑥𝑥(𝑡𝑡)𝑒𝑒𝑒𝑒𝑒𝑒{− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡

(41)

Because the monetary component, as shown in footnote 6, vanishes under the terminal
boundary condition (which excludes Ponzi games)6, (39) is reduced to:
6

The fact that the monetary wealth vanishes under the no-Ponzi game condition can be shown as follows.
Consider the time t-discounted value of the stock of real balances held at some future point in time, say,
time s, i.e.,
𝑠𝑠
𝑀𝑀(𝑠𝑠)
𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}
𝑃𝑃(𝑠𝑠)𝐿𝐿(𝑠𝑠)
𝑡𝑡

To see how much this value changes as s is changed, take the derivative of this quantity with respect to s,
which gives:
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(42)

𝑐𝑐(𝑡𝑡) = 𝛼𝛼(𝑡𝑡)𝑊𝑊𝑟𝑟 (𝑡𝑡)

where

𝛼𝛼(𝑡𝑡) ≡

1

∞
𝑠𝑠
∫𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒{∫𝑡𝑡 Γ[𝑐𝑐(𝜏𝜏), 𝑥𝑥(𝜏𝜏), 𝑈𝑈( 𝜏𝜏𝐶𝐶 , 𝜏𝜏𝑋𝑋); 𝑟𝑟(𝑡𝑡)]

And, with (42) substituted in (32), it follows that:

− [𝑟𝑟(𝑡𝑡) − 𝑛𝑛]𝑑𝑑𝑑𝑑}𝑑𝑑𝑑𝑑

(43)

𝑥𝑥(𝑡𝑡) = 𝐹𝐹[𝛼𝛼(𝑡𝑡)𝑊𝑊𝑟𝑟 (𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]

We note that (42) shows that the coefficient α(t) is not affected by the path of
the nominal interest rate, or, more precisely, by the path of its time rate of change.
This shows that with transaction services directly considered in the utility functional,
the transmission channel of money through the changing nominal interest rates is not
working, which contrasts with the case in which real balances enter the utility function.
In the latter case, the channel of the changing nominal interest rates remains operating
as it shows up in α(t) (Cohen, 1985; Fischer, 1979). In neither case, money affects
consumption through wealth effects since the monetary wealth vanishes.

3. Steady State
We now turn to steady state analysis. With r(t) = f’(k) substituted in, the dynamics of
the system in c, x, and k is governed by (44), (45), and the output market equilibrium
condition (46). That is,
𝑐𝑐̇
𝐹𝐹𝑈𝑈
1
𝜉𝜉 𝑐𝑐𝑐𝑐
= − 𝑐𝑐𝑐𝑐
[𝑓𝑓′(𝑘𝑘(𝑡𝑡)) − 𝑛𝑛 − 𝜌𝜌(𝑡𝑡)] + 𝑐𝑐𝑐𝑐
[𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)] (44)
𝑐𝑐𝑐𝑐
𝜉𝜉 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀 𝐹𝐹
𝑐𝑐
𝜉𝜉 + 𝜉𝜉 𝜀𝜀
𝑥𝑥̇
𝑐𝑐̇ 𝐹𝐹𝑈𝑈
= 𝜀𝜀 − [𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝑥𝑥
𝑐𝑐 𝐹𝐹

(45)

𝑘𝑘̇ = 𝑓𝑓(𝑘𝑘) − 𝑛𝑛𝑛𝑛 − 𝑐𝑐

𝑠𝑠
𝑀𝑀(𝑠𝑠)
𝑑𝑑
[𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}
]
𝑃𝑃(𝑠𝑠)𝐿𝐿(𝑠𝑠)
𝑑𝑑𝑑𝑑
𝑡𝑡
𝑠𝑠

(46)

𝑠𝑠

= 𝜔𝜔(𝑠𝑠) 𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑} − 𝑖𝑖(𝑠𝑠)𝑚𝑚(𝑠𝑠)𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑}
𝑡𝑡

where 𝜔𝜔(𝑠𝑠) = (

̇
𝑀𝑀(𝑠𝑠)

𝑡𝑡

). This shows that the time t-value of m(s) changes at the rate equalling the

𝑃𝑃(𝑠𝑠)𝐿𝐿(𝑠𝑠)

difference between the time t-value of the monetary transfers from the government and the same time
t-value of the holding cost of m(s). Taking the lifetime total of such changes by integrating them from time
𝑠𝑠

t to ∞ and imposing the condition: lim 𝑚𝑚(𝑠𝑠)𝑒𝑒𝑒𝑒𝑒𝑒{− ∫𝑡𝑡 [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑} = 0, which follows from the terminal
𝑠𝑠→∞

boundary condition (4), we see that the monetary wealth vanishes.
∞

𝑠𝑠

𝑊𝑊𝑚𝑚 (𝑡𝑡) ≡ 𝑚𝑚(𝑡𝑡) + 𝑇𝑇(𝑡𝑡) − ∫ [𝑟𝑟(𝑠𝑠) + 𝜋𝜋(𝑠𝑠)]𝑚𝑚(𝑠𝑠) 𝑒𝑒𝑒𝑒𝑒𝑒 {− ∫ [𝑟𝑟(𝜏𝜏) − 𝑛𝑛]𝑑𝑑𝑑𝑑} 𝑑𝑑𝑑𝑑 = 0
𝑡𝑡

𝑡𝑡
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In steady state, U( t C, t X) equals v(c,x)/δ (c,x) . Hence, the term v (c,x) – δ( c,x) U( t C,
t X) vanishes; i.e.,
𝑣𝑣(𝑐𝑐, 𝑥𝑥)
(47)
𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋) = 𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥)
=0
𝛿𝛿(𝑐𝑐, 𝑥𝑥)
Moreover, the rate of time preference reduces to δ(c,x) in steady state.
𝜌𝜌(𝑐𝑐(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)) =

𝑣𝑣𝑐𝑐 𝛿𝛿 − 𝑣𝑣𝛿𝛿𝑐𝑐

𝑣𝑣𝑐𝑐 − 𝛿𝛿𝑐𝑐 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)

= 𝛿𝛿(𝑐𝑐, 𝑥𝑥)

(48)

Therefore, steady state is characterised by the following two conditions:
		𝛿𝛿(𝑐𝑐 ∗ , 𝑥𝑥 ∗ ) = 𝑓𝑓′(𝑘𝑘 ∗ ) − 𝑛𝑛

(49)

𝑐𝑐 ∗ = 𝑓𝑓(𝑘𝑘 ∗ ) − 𝑛𝑛𝑘𝑘 ∗ = [𝑓𝑓′(𝑘𝑘 ∗ ) − 𝑛𝑛]𝑊𝑊𝑟𝑟∗

(50)

where 𝑊𝑊𝑟𝑟∗ = [𝑓𝑓(𝑘𝑘 ∗ ) − 𝑛𝑛𝑘𝑘 ∗ ]/[𝑓𝑓′(𝑘𝑘 ∗ ) − 𝑛𝑛]

where the asterisk denotes steady state.7 Thus, the rate of time preference equals the
(net) marginal product of capital, and consumption settles at the level of the (net) real
interest return on real wealth, which amounts to net output f (k*) – nk*.
7 Because of the condition that the marginal rate of substitution between consumption and real balances
equals one when the transaction services of real balances enter the utility function (condition (30)), the
dynamics is reduced to a system of two differential equations:

𝑘𝑘̇ = 𝑓𝑓(𝑘𝑘) − 𝑛𝑛𝑛𝑛 − 𝑐𝑐

1
𝜉𝜉 𝑐𝑐𝑐𝑐
𝑐𝑐̇
𝐹𝐹𝑈𝑈
= − 𝑐𝑐𝑐𝑐
[𝑟𝑟(𝑡𝑡) − 𝑛𝑛 − 𝜌𝜌(𝑡𝑡)] + 𝑐𝑐𝑐𝑐
[𝑣𝑣(𝑐𝑐, 𝑥𝑥) − 𝛿𝛿(𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝑐𝑐𝑐𝑐
𝜉𝜉 + 𝜉𝜉 𝜀𝜀
𝑐𝑐
𝜉𝜉 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀 𝐹𝐹
≡ Γ{𝑐𝑐(𝑡𝑡), 𝐹𝐹[𝑐𝑐(𝑡𝑡), 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)], 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)}

The Jacobian matrix J for this system is given as:

𝑎𝑎11
𝐽𝐽 = [𝑎𝑎
21

𝑓𝑓 ′ (𝑘𝑘) − 𝑛𝑛
𝑎𝑎12
]
=
[
𝑎𝑎22
0

−1
1
𝜕𝜕𝜕𝜕
𝐹𝐹𝑈𝑈
𝜉𝜉 𝑐𝑐𝑐𝑐
]
− 𝑐𝑐𝑐𝑐
+
[𝑣𝑣 (𝑐𝑐, 𝑥𝑥) − 𝛿𝛿𝑐𝑐 (𝑐𝑐, 𝑥𝑥) 𝑈𝑈( 𝑡𝑡𝐶𝐶 , 𝑡𝑡𝑋𝑋)]
𝜉𝜉 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀 𝜕𝜕𝜕𝜕 𝜉𝜉 𝑐𝑐𝑐𝑐 + 𝜉𝜉 𝑐𝑐𝑐𝑐 𝜀𝜀 𝐹𝐹 𝑐𝑐

With respect to the term a22, evaluating ∂ρ/∂c (where ρ = [vcδ – vδc]/[vc – δcU( tC, t X)] at steady state by
making use of U = v/δ, we see that it equals zero. Likewise, FU at steady state is negative. Hence, the
sign of a22 depends on the sign of (ξ cx/(ξ cc + ξ cx ε), which, in view of FU < 0, has to be positive in order
to obtain a stable saddle. We know from our assumption that v(c,m) is strictly concave while δ(c,m) is
strictly convex; hence, vcc < 0 and δcc > 0, which implies that ξ cc is negative. Therefore, the only case that
makes the saddle-point stability possible is the one in which ξ cx < 0 and ξ cc + ξ cx ε < 0 where ε (≡Fcc/F)
can be demonstrated to be negative in steady state. The case ξ cx > 0 is excluded as this makes ξ cx /(ξ cc +
ξ cx ε) positive, hence the determinant of the Jacobian matrix positive, with two eigenvalues taking positive
values, which makes the critical point an unstable node. In our model, k (capital) is a state variable
that moves from an initially given value; this variable corresponds with a negative eigenvalue, whereas
consumption c is a jump variable, which corresponds with a positive eigenvalue. On stability in the saddlepoint sense, see Chen, Hsu and Lu (2008), Groth (2017, Ch. 10 for the Ramsey model and Ch. 17 for the
Sidrauski model), Levhari and Liviatan (1972), and Sidrauski (1967a).
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By (32), transaction services in steady state, x* = i*m*, is related to steady state
consumption through:
𝑥𝑥 ∗ (𝑡𝑡) = 𝐹𝐹[𝑐𝑐 ∗ , 𝑢𝑢(𝑐𝑐 ∗ , 𝑥𝑥 ∗ )/𝛿𝛿(𝑐𝑐 ∗ , 𝑥𝑥 ∗ )]

(51)

𝑥𝑥 ∗ = 𝜙𝜙(𝑐𝑐 ∗ )

(52)

𝑐𝑐 ∗ = 𝐶𝐶(𝑘𝑘 ∗ ) ≡ 𝑓𝑓(𝑘𝑘 ∗ ) − 𝑛𝑛𝑘𝑘 ∗

(53)

𝛿𝛿(𝑐𝑐 ∗ , 𝜙𝜙(𝑐𝑐 ∗ )) = 𝛿𝛿(𝐶𝐶(𝑘𝑘 ∗ , 𝜙𝜙(𝐶𝐶(𝑘𝑘 ∗ ))

(54)

which gives x* as a function of c*.

With this taken into account, the steady-state rate of time preference δ(c*, x*) equals
δ(c*, φ(c*)). Moreover, since steady-state consumption and capital are related through:

the steady-state rate of time preference can be expressed as a function of only steadystate capital intensity.

Graphically, the steady-state capital intensity can be represented by the intersection
of the two schedules, one representing the rate of time preference and the other
representing the net marginal product of capital (as condition (49) indicates). This is
shown in Figure 1.

δ
(k) –n n
ff' (k)

(C(k))
( C(k), φ(C(k)
δ(C(k),

O

k*

k

Figure 1. Net marginal product of capital and the rate of time preference

Note: Because the net marginal product of capital and the rate of time preference (as of steady state) are
functions of only the capital intensity, both are invariant to the monetary expansion.
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Because steady state consumption equals f (k*) – nk* and since steady state
transaction services are determined as x* = φ(c*), both are invariant to the monetary
expansion. The reason is clear: How much to hold of real balances for the transaction
services is a real decision based on the marginal rate of substitution between such
services and consumption, which is unitary as condition (30) shows. Furthermore,
because the steady-state welfare is given by v (c*,x*)/δ(c*,x*), the invariance of k* and
x* to the monetary expansion implies that the steady-state welfare of the agent is also
invariant to this expansion. Thus, we see that money is hyperneutral, that is, completely
neutral to capital intensity, consumption, transaction services, and welfare in steady
state regardless of the nature of the marginal impatience.

4. Comparison with Money in the Utility Function
We now compare these results of hyperneutrality with the case of money in the utility
function. For a class of recursive preferences that allow the rate of time preference to
vary endogenously, Epstein and Hynes (1983) demonstrated, under increasing marginal
impatience, that the monetary expansion is no longer neutral to steady-state capital
intensity. The rationale for this non-superneutrality lies in the fact that as real balance
holdings decline in response to the higher monetary expansion, the steady-state rate
of time preference falls, so that steady-state capital intensity increases to lower the net
marginal product of capital. Because the instantaneous utility function, in their analysis,
is a constant function set at minus one, the steady-state welfare given by –1/δ(c*,m*)
falls in response to the monetary expansion. If the instantaneous utility function is
given a more general specification, the monotonicity assumption on preferences,
which amounts to saying that the higher steady-state paths are preferred to the lower
ones, assures a fall in welfare. While this outcome is important, it remains ambiguous
whether the agent consumes more transaction services or less in response to the
monetary expansion because to what extent real balance holdings decline depends on
the marginal rate of substitution between such balances and consumption.
Epstein and Hynes’s case is illustrated in Figure 2, where a fall in real balance
holdings shifts the steady-state-rate-of-time-preference schedule downward, so that
the steady-state capital intensity shifts from point A to point B along the net-marginalproduct-of-capital schedule. Therefore, the greater is the fall in steady-state real
balances, the greater is the rise in steady-state capital intensity.
It is possible for steady-state welfare to remain unchanged with a higher rate of
monetary expansion. The case in point happens when real balances and consumption
are complementary while time preferences are held rigid (Asako 1983). In this case,
the instantaneous utility function takes a Leontief form with its indifference curves
having right angle kinks. For such indifference curves, a change in the nominal interest
rate produces no resulting change in the ratio of consumption and real balances. Both
consumption and real balances are, therefore, invariant to monetary expansion. This
strong superneutrality is also observed in a more general case in which the rate of time
preference changes endogenously (Hayakawa, 1992, 1994). Thus, regardless of the
variability of the rate of time preference, it is possible for steady-state welfare not to be
affected by the monetary expansion.
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f (k) n

( C(k), m )

A
A

B

As m falls in response to an increase in ,
the -schedule shifts downward.

B

kA kB

O

k

Figure 2. Epstein and Hynes’s case

Figure
2
Note: A higher rate of monetary expansion shifts
the rate-of-time-preference
schedule downward, which
results in an increase in the steady-state capital intensity. Money is, therefore, non-superneutral.
Epstein and Hynes's case: A higher rate of monetary expansion

The complementary case, or the more general case referred to above, raises a
shifts
the rate-of-time-preference
schedule
downward,
which
question.
Because,
in such cases, the agent
holds the
same amount
of results
real balances
in the face of a higher monetary expansion rate, transaction services measured by
foregone nominal interest returns must go up. If so, the agent’s composite consumption (consumption and transaction services combined) increases. Yet, this increase in
composite consumption cannot affect the 20
steady-state welfare since it is only a change
in real balance holdings that affects the agent’s utility when money enters the utility
function.
There is still another case that makes the same point. In the recursive preferences
considered here, let the instantaneous utility function be iso-elastic while the instantaneous discounting rate remains fixed. Such a stipulation is a special case of homothetic
preferences. We write the utility functional as:
∫

∞

0

1
[𝑐𝑐(𝑡𝑡)1−𝜎𝜎 𝑚𝑚(𝑡𝑡)𝜎𝜎 ]1−𝜁𝜁 𝑦𝑦(𝑡𝑡)𝑑𝑑𝑡𝑡
1 − 𝜁𝜁

(55)

The optimality conditions corresponding to (19) and (20) are given by:
𝑦𝑦(𝑡𝑡)[(𝑐𝑐(𝑡𝑡)1−𝜎𝜎 𝑚𝑚(𝑡𝑡)𝜎𝜎 )−𝜁𝜁 (1 − 𝜎𝜎)𝑐𝑐(𝑡𝑡)−𝜎𝜎 𝑚𝑚(𝑡𝑡)𝜎𝜎 ] = 𝜇𝜇(𝑡𝑡)
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𝑦𝑦(𝑡𝑡)[(𝑐𝑐(𝑡𝑡)1−𝜎𝜎 𝑚𝑚(𝑡𝑡)𝜎𝜎 )−𝜁𝜁 𝜎𝜎𝑐𝑐(𝑡𝑡)1−𝜎𝜎 𝑚𝑚(𝑡𝑡)𝜎𝜎−1 ] = 𝜇𝜇(𝑡𝑡)𝑖𝑖(𝑡𝑡)

(57)

Taking the ratio of these conditions yields,
𝜎𝜎 𝑐𝑐(𝑡𝑡)
= 𝑖𝑖(𝑡𝑡)
1 − 𝜎𝜎 𝑚𝑚(𝑡𝑡)

(58)

This condition shows that the imputed transaction services i(t)m(t) amount to a fixed
proportion of consumption; i.e.,
𝑖𝑖(𝑡𝑡)𝑚𝑚(𝑡𝑡) =

𝜎𝜎
𝑐𝑐(𝑡𝑡)
1 − 𝜎𝜎

(59)

Because steady-state consumption depends only on the fixed rate of time preference
δ, hence invariant to the monetary expansion, steady state transaction services
also remain invariant to this expansion. Thus, with such homothetic preferences,
the monetary expansion affects neither consumption nor transaction services. The
invariance of the imputed transaction services implies that as the monetary expansion
raises the nominal interest rate, real balance holdings fall hyperbolically to keep
such services unchanged. Yet, steady-state welfare falls because real balances enter
the utility function. Thus, in response to the monetary expansion, in steady state,
consumption and composite consumption remain invariant, real balances fall and
welfare declines. Such an outcome contrasts with what is obtained when transaction
services enter the utility function, for in this alternative approach the monetary
expansion leaves capital intensity, consumption, transaction services, composite
consumption and welfare unchanged in steady state.

5. The Optimum Quantity of Money and the Optimum Growth of
Money Supply
Treating transaction services in the utility function has an important bearing on Friedman’s optimum quantity of money (Friedman, 1969). As shown above, neither capital
intensity nor transaction services is affected by the monetary expansion in steady state;
it, therefore, follows that steady-state welfare remains unaffected. If so, Friedman’s idea
of the optimum quantity of money based on welfare considerations no longer applies.
If, for example, money is contracted at the rate of real interest rate to induce a fall in
the expected inflation rate so that the cost of holding real balances is minimised, real
balance holdings will increase, but transaction services (measured by foregone nominal
interest) remain the same, hence welfare is not affected. Friedman’s idea retains its
relevance when money enters the utility function, but loses its applicability when the
imputed transaction services enter the same function.
To illustrate this point between the two cases, consider again a particular specification of the utility functional (1) where the instantaneous utility function is set at
minus one and the instantaneous discounting function is a function of consumption
and transaction services, under increasing marginal impatience in consumption and
real balances. For such a functional, steady-state welfare is ranked by δ(c, x). Steadystate capital intensity k* is determined at the intersection of the two schedules, one
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representing the rate of time preference δ(C(k),φ(C (k)) and the other representing the
net marginal product of capital f’(k) – n. Consumption settles at level c* = C (k*) and
transaction services at level x* = φ(C (k)). The agent’s steady state welfare, therefore,
amounts to –1/δ (C(k), φ(C (k)), which is independent of the monetary expansion.
Thus, varying the growth rate of money supply has no bearing on the searching of the
optimum real balance holdings.
If, on the other hand, real balances enter the utility function instead, the steadystate welfare is given by –1/δ (c,m), hence, ranked by δ (c,m) (i.e., the higher the value
of δ(c,m), the higher the steady state welfare (measured by a negative number). The
optimum steady-state levels of real balances and consumption have to be determined
simultaneously by maximising δ (c,m) subject to the Fisherian condition: δ(c,m) =
f’(K(c)) – n.
(60)

𝑚𝑚𝑚𝑚𝑚𝑚 𝛿𝛿(𝑐𝑐, 𝑚𝑚)

subject to: 𝛿𝛿(𝑐𝑐, 𝑚𝑚) = 𝑓𝑓′(𝐾𝐾(𝑐𝑐)) − 𝑛𝑛

where k = K (c) is the inverse function of c = C(k) to the left of the Golden rule path.
The optimality requires:
𝛿𝛿𝑚𝑚 (𝑐𝑐, 𝑚𝑚)/𝛿𝛿𝑐𝑐 (𝑐𝑐, 𝑚𝑚) = 0

(61)

𝛿𝛿(𝑐𝑐, 𝑚𝑚) = 𝑓𝑓′(𝐾𝐾(𝑐𝑐)) − 𝑛𝑛

(62)

𝛿𝛿𝑚𝑚 (𝑐𝑐, 𝑚𝑚)/𝛿𝛿𝑐𝑐 (𝑐𝑐, 𝑚𝑚) = 𝑖𝑖(𝑡𝑡) = 0 = 𝜋𝜋 + 𝑓𝑓′(𝑘𝑘 ∗ ) − 𝑛𝑛

(63)

𝜃𝜃 = − 𝑓𝑓′(𝑘𝑘 ∗ )

(64)

Solving these simultaneously gives the optimal quantities of consumption and real
balances. In order for such quantities to exist, there must be a point along any indifference curve of δ (c,m) at which the marginal rate of substitution between m and
c is reduced to zero – here the term ‘the marginal rate of substitution’ is used for the
function δ (c,m). Once these optimum quantities of c and m are determined, we may
turn to the condition that the marginal rate of substitution between the two equals the
nominal interest rate, which, in turn, equals the inflation plus the net real interest rate;
that is, in steady state, it holds that:

Because the growth rate of money supply, ϑ, equals the inflation rate minus the
fertility rate, n (i.e., ϑ = π–n), ϑ must equal the negative of the real interest rate,
–f ’(k*), for condition (63) to hold. That is,		

This confirms Friedman’s rule that money be contracted at the rate of the real interest
rate so that the nominal interest rate (the holding cost of real balances) is reduced to
zero, thereby causing the agent to hold enough real balances to bring the marginal
rate of substitution down to zero. Figure 3 illustrates how the optimum quantity is
determined at point E.
With money in the utility function, it can be shown that money is non-superneutral
in the sense that, as of steady state, an increase in the growth rate of money supply
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point E.

c
the indifference curves of (c, m)
The steady state welfare
measured by 1 / (c, m)
the Fisherian condition
(c, m) = f (K (c)) n
E

c*

m

m*

O

Figure 3. Determination of the optimum quantity of money

Figure
3 real balances and consumption equals zero.
Note: At point E, the marginal rate of substitution
between
Determination of the optimum quantity of money at point E where the marginal

raises the nominal interest rate; hence real balance holdings fall, which lowers the rate
of time preference, thereby raising the steady state capital intensity and consumption.
rate of substitution between real balances and consumption equals zero.
But, an induced increase in consumption is not enough to compensate a fall in real
balance holdings, hence steady state welfare declines. This can be seen by examining
the two conditions: one is the Fisherian condition which states the rate of time
preference equals the net marginal product of capital, and the other is the condition
With
money
themarginal
utility function,
it can bebetween
shown real
thatbalances
money and
is non-superneutral
in
requiring
thatinthe
rate of substitution
consumption
be equal to the nominal interest rate. In steady state, they are given as:

the sense that, as of steady state, an increase in the growth rate of money supply raises the
(65)

𝛿𝛿(𝑐𝑐, 𝑚𝑚) = 𝑓𝑓′(𝐾𝐾(𝑐𝑐)) − (𝑑𝑑 + 𝑛𝑛)

nominal interest
rate;
hence real balance holdings fall, which lowers the rate
(66)of time
𝛿𝛿𝑚𝑚 (𝑐𝑐, 𝑚𝑚)/𝛿𝛿
𝑐𝑐 (𝑐𝑐, 𝑚𝑚) = 𝑖𝑖(𝑡𝑡) = 𝜋𝜋 + 𝑓𝑓′(𝐾𝐾(𝑐𝑐)) − 𝑛𝑛

conditions
in Figure
4. The Fisherian
is drawn as aBut, an
preference,These
thereby
raisingarethedrawn
steady
state capital
intensity condition
and consumption.

downward-sloping curve which eventually flattens, and the second is the marginal rate
of substitution
condition requiring
this rate
be equal to thea nominal
induced
increase in(MRS)
consumption
is not that
enough
to compensate
fall in interest
real balance
rate, which is positively sloped. As ϑ is increased, the MRS-schedule shifts upward,
thereby reducing m but increasing c along the Fisherian condition, as seen by a shift
holdings, hence steady state welfare declines. This can be seen by examining the two
from point A to point B in Figure 4. A decrease in m, on the other hand, reduces the
rate of time preference, hence increases capital intensity, which was shown by a shift

conditions: One is the Fisherian condition which states the rate of time preference equals

the net marginal product of capital, and the other is the condition requiring that the
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c
the indifference curves of (c, m)
An increase in

shifts the MRS-curve upward.
The MRS-curve
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m (c, m) / c (c, m) =

B

cB

A

cA

O

mB

the Fisherian condition
(c, m) = f (K(c)) n

mA

m

Figure 4. Money growth rate, consumption and real balances

Figure 4

Note: An increase in the money growth rate ϑ affects the steady-state consumption and real balances,
resulting in a fall in the agent’s welfare.
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balances,is complementary
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while capital
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resulting
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by the rate of monetary expansion, welfare declines because an increase in consumption is not enough to compensate a fall in real balance holdings; in Figure 4, point B
lies on a lower indifference curve than point A. Friedman’s rule assures that if money
is contracted at the rate of the real interest rate, δ(c, m) is maximised, which also
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to a higher growth rate of money supply since the condition dm/dϑ > –m/i will hold
(i.e., the real balance holdings will not fall as much as m/i). That is,
𝑑𝑑
𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
(𝑖𝑖𝑖𝑖) =
𝑚𝑚 + 𝑖𝑖
= 𝑚𝑚 + 𝑖𝑖
>0
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(67)

6. Diminishing Marginal Impatience
Our analysis in sections 4 and 5 was based on the increasing marginal impatience. If
we assume, in line with Becker and Mulligan (1997), that the marginal impatience is
diminishing in consumption and real balances, we get opposite results. In reference to
Figure 2, in response to an increase in the growth rate of money supply, the quantity
of real balances will fall, which now shifts the rate-of-time-preference schedule
upward rather than downward, which results in reduced capital intensity. A lower
capital intensity is accompanied by reduced consumption. Hence, in steady state, both
consumption and real balances are lowered, which raises the welfare as measured by
–1/δ(c,m). This implies that no contraction of money supply can achieve the optimum
quantity of money as argued by Friedman (1969). Thus, we have two opposite results
on the issue of the superneutrality of money, depending on whether the marginal
impatience is increasing or decreasing in consumption and real balances.
Our treatment of implicit transaction services of money delivers the complete
neutrality of money regardless of the nature of the marginal impatience. In fact, as we
demonstrated, the transition path also is not affected by the changing nominal interest
rates. We believe that this complete neutrality, in steady state as well as along the
transition path, and its independence from the property of the marginal impatience are
an indication that the general equilibrium could be invariant to the presence of money.

7. Conclusion
We have demonstrated that how money affects real decisions of agents depends on
how money is represented in their preferences. We put forth an argument that if
money is held for its transaction services, a viable alternative to money in the utility
function is to enter the imputed transaction services directly in this function. This
alternative specification accords well with Walras’s distinction between money as a
stock and its services of availability as a flow. With imputed transaction services, money
turns hyperneutral in that all endogenous variables: capital, consumption, transaction
services, the rate of time preference and welfare remain invariant to the monetary
expansion in steady state, regardless of the nature of the marginal impatience. This
renders Friedman’s notion of the optimum quantity of money as well as of the optimum
money supply rule inapplicable.
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