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Abstract: The purpose of this study is to examine the existence of business fluctuations
in an urban growth model of endogenous wealth and land value with residential distribution over a linear city by Zhang (2017). Zhang synthesised the Solow growth model
and the Alonso model. This paper generalises Zhang’s model by allowing all the timeindependent parameters to be time-dependent. It examines the relationship between
growth, urban structure and land value with different time-dependent exogenous
shocks. We simulate the model to demonstrate the existence of equilibrium points,
motion of the dynamic system, and oscillations due to different exogenous shocks.
The paper makes a unique contribution to the literature of spatial economic growth by
identifying cycles in a spatial growth model built on microeconomic foundation.
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1. Introduction
The purpose of this study is to study periodic economic changes due to different exogenous shocks in an urban growth model with endogenous wealth and land value.
Although many studies have been carried out on identifying the existence of business
cycles (Chiarella and Flaschel, 2000; Gandolfo, 2005; Lorenz, 1993; Puu, 2011; Shone,
2002; Zhang, 1991, 2005, 2006), there are only a few theoretical models which identify
fluctuations due to dynamic interdependence between economic growth, wealth
accumulation, and land value with residential structure. This study attempts to provide
another contribution to the literature by identifying economic fluctuations in the urban
economic growth model recently proposed by Zhang (2017).
Zhang (2017) built a growth model of a small city by synthesising the Solow growth
model and Alonso urban residential model. The Solow model is the basic model in
neoclassical growth theory and the Alonso model is the basic model in neoclassical
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urban economics. Zhang’s study synthesises the Solow growth and Alonso residential
models for describing a small city with residential location and land value. It deals with
dynamic interactions between land value, land rent, wealth accumulation, amenity
and change, residential distribution with exogenous rate of interest and utility level. It
describes the economic production and growth mechanism on the basis of the Solow
growth model (Solow, 1956). The modelling of residential distribution and spatial
structure are based on the Alonso model (Alonso, 1964). The determination of the
land value is based on Zhang’s recent work on economic growth with endogenous
land value (Zhang, 2017). The basic economic mechanisms of some main influential
models could be synthesised in an integrated framework because the model applies an
alternative approach to describing behaviour of households. The paper makes a unique
contribution to the literature of spatial urban growth by identifying urban economic
cycles with different exogenous shocks. The rest of the paper is organised as follows.
Section 2 defines the spatial growth model with endogenous land value and residential
location for a small-open economy. Section 3 simulates the motion of the economic
system. Section 4 carries out comparative dynamic analysis with regard to exogenous
changes in some parameters. Section 5 concludes the study. The appendix proves the
main results in section 3.

2. The Model
This section is built on Zhang (2017) by allowing all the time-independent parameters to
be time-dependent. Except for adding time to the parameters, almost all aspects in this
section is from Zhang (2017). The economy is an open urban economy built on a flat
featureless plain. The system has one industrial sector (Solow, 1956). All workers reside
in the city and work in the central business district (CBD). People travel only between
dwelling sites and the CBD. An individual resides only at one location. The urban area
consists of a finite strip of land extending from a fixed central business district with
constant unit width. The city does not employ any worker who does not live in the
city. The system is geographically linear and consists of two parts – the CBD and the
residential area. We use L to stand for the fixed (territory) length of the city. We assume
that all economic activities are concentrated in the CBD. Let ω stand for the distance
from the CBD to a point in the residential area. We use R(t,ω) and p(t,ω) to represent
the land rent and land price at location ω at time t. Housing is measured by lot size. The
total labour force is fully employed by the industrial sector. We select industrial good to
serve as numeraire. As we assume that the transportation cost of workers to the city is
dependent on the travel distance, land rent for housing should be spatially different.
(a) The Total Labour Input
We use n(t,ω) to denote the residential density at ω. The population N(t) is homogenous. The width of the urban area is assumed to be unity. According to the definition
of n(t,ω), we have:
𝐿𝐿

𝑁𝑁(𝑡𝑡) = ∫ 𝑛𝑛(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑
0
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(b) The Production Sector
Let F(t) and K(t) stand for the production function and the total capital stock. The
production function is specified as follows:
𝐹𝐹(𝑡𝑡) = 𝐴𝐴(𝑡𝑡) 𝐾𝐾 𝛼𝛼(𝑡𝑡) (𝑡𝑡) 𝑁𝑁𝛽𝛽(𝑡𝑡) (𝑡𝑡), 𝛼𝛼(𝑡𝑡), 𝛽𝛽(𝑡𝑡) > 0, 𝛼𝛼(𝑡𝑡) + 𝛽𝛽(𝑡𝑡) = 1

(2)

where A(t), α(t), and β(t) are positive parameters. As the city is small, the rate of
interest r*(t) is determined by national markets. The wage rate w(t) is determined by
urban labour markets. The marginal conditions are given by:
𝑟𝑟 ∗ (𝑡𝑡) + 𝛿𝛿𝑘𝑘 (𝑡𝑡) =

𝛼𝛼 𝐹𝐹(𝑡𝑡)
𝛽𝛽(𝑡𝑡) 𝐹𝐹(𝑡𝑡)
, 𝑤𝑤(𝑡𝑡) =
𝐾𝐾(𝑡𝑡)
𝑁𝑁(𝑡𝑡)

(3)

where δk (t) is the depreciation rate of physical capital. From (2) and (3) we solve:
𝑘𝑘

∗ (𝑡𝑡)

1/𝛽𝛽(𝑡𝑡)

𝐾𝐾(𝑡𝑡)
𝛼𝛼(𝑡𝑡) 𝐴𝐴(𝑡𝑡)
≡
= ( ∗
)
𝑁𝑁(𝑡𝑡)
𝑟𝑟 (𝑡𝑡) + 𝛿𝛿𝑘𝑘 (𝑡𝑡)

, 𝑤𝑤(𝑡𝑡) = 𝛽𝛽(𝑡𝑡) 𝐴𝐴(𝑡𝑡) 𝑘𝑘 ∗𝛼𝛼(𝑡𝑡) (𝑡𝑡)

(4)

(c) The Relation between the Lot Size and Residential Density
Let us denote l(t,ω) as the lot size of the household at ω. According to the definitions of
l(t,ω) and n(t,ω), we have:
𝑛𝑛(𝑡𝑡, 𝜔𝜔) =

1
, 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿
𝑙𝑙(𝑡𝑡, 𝜔𝜔)

(5)

(d) Choice between Physical Wealth and Land
Consider now a household with one unity of money. He can either invest in capital
goods thereby earning a profit equal to the net own-rate of return r*(t) or invest in land
thereby earning a profit equal to the net own-rate of return R(t,ω) / p (t,ω). The two
options are assumed to yield equal returns, i.e.
𝑅𝑅(𝑡𝑡, 𝜔𝜔)
= 𝑟𝑟 ∗ (𝑡𝑡)
𝑝𝑝(𝑡𝑡, 𝜔𝜔)

(6)

(e) Travel Time and Cost to the CBD
A resident decides the time distribution between leisure time and travel time. Let T0 (t)
and Γ(ω) respectively stand for the total available time and the time spent on travelling
between the residence and CBD. We have:
𝑇𝑇(𝜔𝜔) + 𝛤𝛤(𝜔𝜔, 𝑡𝑡) = 𝑇𝑇0 (𝑡𝑡)

(7)

𝑐𝑐𝑇𝑇 (𝑡𝑡, 𝜔𝜔) = 𝑐𝑐̄ (𝑡𝑡) + 𝑐𝑐0 (𝜔𝜔, 𝑡𝑡)

(8)

where T(ω,t) is the leisure time that the household at ω enjoys. This study assumes
that the travel cost c T (ω,t) from location ω to the CBD is dependent on the distance as
follows:
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(f) Land Ownership, Current Income and Disposable Income
Let k (ω,t) stand for the representative household’s physical wealth, and a(ω,t) for the
value of land owned by the household at location ω. For simplicity we assume that
all the land is owned by the city’s population. The total value of land owned by the
household at ω is the sum of all the value of land the household owns in the economy.
We have:
𝐿𝐿

𝑎𝑎(𝑡𝑡, 𝜔𝜔) = ∫ 𝑝𝑝(𝑡𝑡, 𝜔𝜔
̃)𝑙𝑙̄(𝑡𝑡, 𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃
0

where Ī(t,ω,ῶ) is the land that the household at ω owns at ῶ. The total value of wealth
v(t,ω) owned by the household at ω is the sum of the two assets’ values.
𝑣𝑣(𝑡𝑡, 𝜔𝜔) = 𝑘𝑘̄(𝑡𝑡, 𝜔𝜔) + 𝑎𝑎(𝑡𝑡, 𝜔𝜔)

(9)

The household at ω collects the following rent from the land that the household owns.
𝐿𝐿

𝑟𝑟̄ (𝑡𝑡, 𝜔𝜔) = ∫ 𝑅𝑅(𝑡𝑡, 𝜔𝜔
̃) 𝑙𝑙̄(𝑡𝑡, 𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃ , 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿
0

(10)

The total land rent of the economy is equal to the land rent that the population owns.
𝐿𝐿

𝐿𝐿

∫ 𝑟𝑟̄ (𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑 = ∫ 𝑅𝑅(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑 , 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(11)

𝑦𝑦(𝑡𝑡, 𝜔𝜔) = 𝑟𝑟 ∗ 𝑘𝑘̄ (𝑡𝑡, 𝜔𝜔) + 𝑤𝑤(𝑡𝑡) + 𝑟𝑟̄ (𝑡𝑡, 𝜔𝜔), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(12)

𝑦𝑦̂(𝑡𝑡, 𝜔𝜔) = 𝑦𝑦(𝑡𝑡, 𝜔𝜔) + 𝑣𝑣(𝑡𝑡, 𝜔𝜔)

(13)

0

0

The household at ω has the following current income:

from the interest payment r*(t)k(t), and the wage payment w(t), and the land rent
income r (t). The disposable income ŷ(t,ω) is the sum of the current income and the
total value of wealth.

(g) The Budget
At each point in time, the household at location ω distributes the total available budget
between housing l(t,ω), savings s(t,ω), consumption of industrial goods c(t,ω), and
travelling cT (ω). The total expenditure is:
𝑅𝑅(𝑡𝑡, 𝜔𝜔) 𝑙𝑙(𝑡𝑡, 𝜔𝜔) + 𝑐𝑐(𝑡𝑡, 𝜔𝜔) + 𝑠𝑠(𝑡𝑡, 𝜔𝜔) + 𝑐𝑐𝑇𝑇 (𝑡𝑡, 𝜔𝜔), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

The disposable income equals the total expenditure, i.e.

𝑅𝑅(𝑡𝑡, 𝜔𝜔) 𝑙𝑙(𝑡𝑡, 𝜔𝜔) + 𝑐𝑐(𝑡𝑡, 𝜔𝜔) + 𝑠𝑠(𝑡𝑡, 𝜔𝜔) + 𝑐𝑐𝑇𝑇 (𝑡𝑡, 𝜔𝜔) = 𝑦𝑦̂(𝑡𝑡, 𝜔𝜔), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(14)

𝑅𝑅(𝑡𝑡, 𝜔𝜔) 𝑙𝑙(𝑡𝑡, 𝜔𝜔) + 𝑐𝑐(𝑡𝑡, 𝜔𝜔) + 𝑠𝑠(𝑡𝑡, 𝜔𝜔) = 𝑦𝑦̄(𝑡𝑡, 𝜔𝜔)

(15)

Inserting (10) and (11) in (12), we get:

where
𝑦𝑦̄ (𝑡𝑡, 𝜔𝜔) ≡ (1 + 𝑟𝑟 ∗ (𝑡𝑡))𝑘𝑘̄(𝑡𝑡, 𝜔𝜔) + 𝑤𝑤(𝑡𝑡) + 𝑟𝑟̄ (𝑡𝑡, 𝜔𝜔) + 𝑎𝑎(𝑡𝑡, 𝜔𝜔) − 𝑐𝑐𝑇𝑇 (𝑡𝑡, 𝜔𝜔)
270
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(h) Utility, Amenity and Optimal Solution
We assume that utility level U(t,ω) of the household at location ω is dependent on
T(ω), l(t,ω), s(t,ω), and c(t,ω) as follows:
𝑈𝑈(𝑡𝑡, 𝜔𝜔) = 𝜃𝜃(𝑡𝑡, 𝜔𝜔) 𝑇𝑇 𝜎𝜎0(𝑡𝑡) (𝜔𝜔) 𝑐𝑐 𝜉𝜉0 (𝑡𝑡) (𝑡𝑡, 𝜔𝜔) 𝑙𝑙 𝜂𝜂0(𝑡𝑡) (𝑡𝑡, 𝜔𝜔) 𝑠𝑠 𝜆𝜆0(𝑡𝑡) (𝑡𝑡, 𝜔𝜔),
𝜆𝜆0 (𝑡𝑡) > 0
𝜎𝜎0 (𝑡𝑡), 𝜉𝜉0 (𝑡𝑡), 𝜂𝜂0 (𝑡𝑡),

(16)

in which σ 0(t), ξ 0(t), η0 (t) and λ0(t) are propensities to use leisure time, to consume
goods, to consume housing, and to hold wealth, respectively. The amenity θ(ω,t) at ω is
specified as follows:
𝜃𝜃(𝑡𝑡, 𝜔𝜔) = 𝜃𝜃1 (𝑡𝑡) 𝑛𝑛𝜇𝜇(𝑡𝑡) (𝑡𝑡, 𝜔𝜔), 𝜃𝜃1 (𝑡𝑡) > 0

(17)

Maximising U(t,ω) subject to (8) yields:
𝑙𝑙(𝑡𝑡, 𝜔𝜔) =

where

𝜂𝜂(𝑡𝑡) 𝑦𝑦̄ (𝑡𝑡, 𝜔𝜔)
, 𝑐𝑐(𝑡𝑡, 𝜔𝜔) = 𝜉𝜉(𝑡𝑡) 𝑦𝑦̄(𝑡𝑡, 𝜔𝜔), 𝑠𝑠(𝑡𝑡, 𝜔𝜔) = 𝜆𝜆(𝑡𝑡) 𝑦𝑦̄(𝑡𝑡, 𝜔𝜔)
𝑅𝑅(𝑡𝑡, 𝜔𝜔)

(18)

𝜂𝜂(𝑡𝑡) ≡ 𝜌𝜌(𝑡𝑡) 𝜂𝜂0 (𝑡𝑡), 𝜉𝜉(𝑡𝑡) ≡ 𝜌𝜌(𝑡𝑡) 𝜉𝜉0 (𝑡𝑡), 𝜆𝜆(𝑡𝑡) ≡ 𝜌𝜌(𝑡𝑡) 𝜆𝜆0 (𝑡𝑡)
𝜌𝜌(𝑡𝑡) ≡

1
𝜂𝜂0 (𝑡𝑡) + 𝜉𝜉0 (𝑡𝑡) + 𝜆𝜆0 (𝑡𝑡)

(i) Equal Utility Level over the Residential Area
The assumption is that households get the same level of utility at any location at any
point. As the city is small, its utility level is determined in the national economy. As we
assume free and costless movement of people, we have:
𝑈𝑈(𝑡𝑡, 𝜔𝜔) = 𝑈𝑈 ∗ (𝑡𝑡), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(19)

𝑣𝑣̇ (𝑡𝑡, 𝜔𝜔) = 𝑠𝑠(𝑡𝑡, 𝜔𝜔) − 𝑣𝑣(𝑡𝑡, 𝜔𝜔), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(20)

(j) Wealth Accumulation
According to the definition of s(t,ω), the wealth accumulation of the household at
location ω is given by:

(k) The Land Market Equilibrium
According to the definition, total value of the urban land V (t) is:
𝐿𝐿

𝑉𝑉(𝑡𝑡) = ∫ 𝑝𝑝(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑

(21)

0

The city’s total value of land owned by the urban residents is:
𝐿𝐿

𝑉𝑉 ∗ (𝑡𝑡) = ∫ 𝑛𝑛(𝑡𝑡, 𝜔𝜔) 𝑎𝑎(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑
0

Malaysian Journal of Economic Studies Vol. 56 No. 2, 2019

(22)

271

Wei-Bin Zhang

Equality of the two values implies:
𝐿𝐿

𝐿𝐿

∫ 𝑛𝑛(𝑡𝑡, 𝜔𝜔) 𝑎𝑎(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑 = ∫ 𝑝𝑝(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑
0

(23)

0

		
(l) The Equilibrium for Goods Production and Consumption
The total consumption C(t) is:
𝐿𝐿

𝐶𝐶(𝑡𝑡) = ∫ 𝑛𝑛(𝑡𝑡, 𝜔𝜔) 𝑐𝑐(𝑡𝑡, 𝜔𝜔) 𝑑𝑑𝑑𝑑
0

(24)

Next, we built the spatial growth model.

3. The Spatial Dynamics
This section examines properties of the spatial model. The following lemma provides a
computational procedure to plot the motion of the economic system.
Lemma
The dynamics of wealth per household v (t) is described by the following differential
equation:
(25)

𝑣𝑣̇ (𝑡𝑡) = 𝛺𝛺(𝑣𝑣(𝑡𝑡))

in which Ω is a function of v(t) defined in the appendix. For a given v(t), we uniquely
determine all the other variables by the following procedure: w (t) by (4) → � (t) by
(A3) → c (t) by (18) → s (t) by (18) → n (ω) by (A16) → N (t) by (A17) → l (ω) by (5)
L
→ R (t,ω) by (A5) → p (t,ω) by (6) → U (t,ω) by (A14) → ṽ (t) = 0 n(ω)v(ω)dω → r ̃(t) =
L
0 R(ω)dω → K(t) by (4) → F(t) by (2) → K (t) by (A9) → C(t) by (A12).
In the lemma we define the total wealth v ̃(t) by:
𝐿𝐿

𝑣𝑣̃(𝑡𝑡) ≡ ∫ 𝑛𝑛(𝑡𝑡, 𝜔𝜔)𝑣𝑣(𝑡𝑡, 𝜔𝜔)𝑑𝑑𝑑𝑑
0

First, we examine the case that all the parameters are constant and are specified as in
Zhang (2017):
𝑟𝑟 ∗ = 0.05, 𝑈𝑈 ∗ = 7, 𝛼𝛼 = 0.45, 𝐴𝐴 = 0.8, 𝑁𝑁 = 50, 𝐿𝐿 = 1,
𝑇𝑇0 = 1, 𝛿𝛿𝑘𝑘 = 0.03, 𝜆𝜆0 = 0.8, 𝜎𝜎0 = 0.2, 𝜉𝜉0 = 0.1,
𝜂𝜂0 = 0.02, 𝑐𝑐̄ = 0.01, 𝜃𝜃1 = 1, 𝜇𝜇 = −0.05

(26)

The initial condition is: v(0) = 15. Under (26), we have w = 1.51. Figure 1 shows all the
other variables over time and space.
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Figure 1. The motion of the economy over space

4. Comparative Dynamic Analysis
This section carries out comparative dynamic analysis with regards to some parameters.
We introduce a symbol  x to stand for the rate of change of the variable x in percentage due to changes in the value of a parameter.
4.1 Periodic Oscillations in the National Utility
First, we examine the case that the national utility is oscillatory as follows:
𝑈𝑈 ∗ (𝑡𝑡) = 7 + 0.01 𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)

The simulation results are plotted in Figure 2.

 n t ,  

  t ,  


t

 p t ,  

 R t ,  

 c t ,  



t

t






t

t

Figure 2. Exogenous periodic shocks in the national utility
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4.2 Periodic Fluctuations in the Rate of Interest
We now allow the following periodic fluctuations in the rate of interest:
𝑟𝑟 ∗ (𝑡𝑡) = 0.05 + 0.005 𝑠𝑠𝑠𝑠𝑠𝑠( 𝑡𝑡)

The changes in the variables are plotted in Figure 3.

 n t ,  

 R t ,  

  t ,  



t

t





 ct ,  

 p t ,  





t

t

t

Figure 3. Exogenous periodic shocks in the rate of interest

4.3 Periodic Fluctuations in Total Factor Productivity
We now examine the effects of the following periodic fluctuations in the total factor
productivity:
𝐴𝐴(𝑡𝑡) = 0.8 + 0.01 𝑠𝑠𝑠𝑠𝑠𝑠( 𝑡𝑡)

The simulation results on the variables are plotted as in Figure 4.
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Figure 4. Exogenous periodic shocks in total factor productivity
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5. Concluding Remarks
The unique contribution of the paper is that the model not only integrates the Solow
growth and Alonso residential distribution models with endogenous land value for a
small urban economy, it also explores issues related to existence of business cycles and
determinants of business cycles. It is a contribution to the literature of spatial economic
growth by identifying existence of exogenous cycles in an urban growth model built on
microeconomic foundation. In fact, there are a few spatial models of economic growth
built on microeconomic foundation. Most of the urban economic models are static in
the literature of urban economics. Although much of the basic model in this study is
based on Zhang’s model, the analysis is not so simple as all the parameters are time
dependent. As the model is based on a few key models in economic literature and each
of these key models have been generalised and extended in different ways, we can
extend the model along these lines. A challenge for future research is to address issues
about endogenous expectations on prices.
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Appendix
Insert the definition yof r (ω) in the definition of y : r
𝐿𝐿

𝐿𝐿

𝐿𝐿

+ ∫ 𝑅𝑅(𝜔𝜔
̃) 𝑙𝑙̄(𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃ + ∫ 𝑝𝑝(𝜔𝜔
̃)𝑙𝑙̄(𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃ − 𝑐𝑐𝑇𝑇
0

𝐿𝐿

̃) 𝑙𝑙̄(𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃ + ∫ 𝑝𝑝(𝜔𝜔
𝑦𝑦̄ (𝜔𝜔) = (1 + 𝑟𝑟 ∗ ) 𝑘𝑘̄(𝜔𝜔) + 𝑤𝑤 + ∫ 𝑅𝑅(𝜔𝜔
̃)𝑙𝑙̄(𝜔𝜔, 𝜔𝜔
̃)𝑑𝑑𝜔𝜔
̃ − 𝑐𝑐𝑇𝑇
0

0

0

(A1)

Insert (6) in (A1):

𝐿𝐿

̃) 𝑙𝑙̄(𝜔𝜔, 𝜔𝜔
̃) 𝑑𝑑𝜔𝜔
̃ − 𝑐𝑐𝑇𝑇
𝑦𝑦̄ (𝜔𝜔) = (1 + 𝑟𝑟 ∗ ) 𝑘𝑘̄(𝜔𝜔) + 𝑤𝑤 + (1 + 𝑟𝑟 ∗ ) ∫ 𝑝𝑝(𝜔𝜔

(A2)

𝑦𝑦̄ (𝜔𝜔) = (1 + 𝑟𝑟 ∗ )𝑣𝑣(𝜔𝜔) + 𝑤𝑤 − 𝑐𝑐𝑇𝑇

(A3)

𝑅𝑅(𝜔𝜔) 𝑙𝑙(𝜔𝜔) = (1 + 𝑟𝑟) 𝜂𝜂 𝑣𝑣(𝜔𝜔) + 𝜂𝜂 𝑤𝑤 − 𝜂𝜂 𝑐𝑐𝑇𝑇

(A4)

𝑅𝑅(𝜔𝜔) = (1 + 𝑟𝑟 ∗ ) 𝜂𝜂 𝑛𝑛(𝜔𝜔) 𝑣𝑣(𝜔𝜔) + 𝜂𝜂 𝑛𝑛(𝜔𝜔) 𝑤𝑤 − 𝜂𝜂 𝑛𝑛(𝜔𝜔) 𝑐𝑐𝑇𝑇

(A5)

𝑟𝑟̃ = (1 + 𝑟𝑟 ∗ ) 𝜂𝜂 𝑣𝑣̃ + 𝜂𝜂 𝑤𝑤 𝑁𝑁 − 𝜂𝜂 𝑐𝑐𝑇𝑇 𝑁𝑁

(A6)

0

Insert (9) and (10) in (A2):

From (18) and (A3), we have:

Insert (5) in (A4):

Integrate (A5) from 0 to L:

where we use (12) and
𝐿𝐿

𝐿𝐿

𝑟𝑟̃ ≡ ∫ 𝑅𝑅(𝜔𝜔) 𝑑𝑑𝑑𝑑 , 𝑣𝑣̃ ≡ ∫ 𝑛𝑛(𝜔𝜔) 𝑣𝑣(𝜔𝜔) 𝑑𝑑𝑑𝑑
0

0

From the definitions of v we have:
𝐿𝐿

̄ + 𝑉𝑉 ∗
𝑣𝑣̃ = ∫ (𝑛𝑛(𝜔𝜔) 𝑘𝑘̄(𝜔𝜔) + 𝑛𝑛(𝜔𝜔) 𝑎𝑎(𝜔𝜔)) 𝑑𝑑𝑑𝑑 = 𝐾𝐾
0

𝐿𝐿

where 𝐾𝐾̄ ≡ ∫ 𝑛𝑛(𝜔𝜔)𝑘𝑘̄(𝜔𝜔)𝑑𝑑𝑑𝑑. From (6) we have:
𝑟𝑟̃ = 𝑟𝑟𝑉𝑉 ∗

(A7)

0

(A8)

From (9) and (10) we have:
𝑣𝑣̃ = 𝐾𝐾̄ +
276

𝑟𝑟̃
𝑟𝑟 ∗

(A9)
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From (A6) and (A9) we solve:
̄ + 𝜂𝜂 𝑤𝑤 𝑁𝑁 − 𝜂𝜂 𝑐𝑐𝑇𝑇 𝑁𝑁)
𝑣𝑣̃ = 𝑟𝑟̂ (𝑟𝑟 ∗ 𝐾𝐾

(A10)

where

𝑟𝑟̂ =

1
𝑟𝑟 ∗ − (1 + 𝑟𝑟 ∗ )𝜂𝜂

From (18) and (A3), we have:
𝑐𝑐 = (1 + 𝑟𝑟 ∗ )𝜉𝜉𝜉𝜉 + 𝜉𝜉𝜉𝜉 − 𝜉𝜉𝑐𝑐𝑇𝑇

(A11)

𝐶𝐶 = (1 + 𝑟𝑟 ∗ ) 𝜉𝜉 𝑣𝑣̃ + 𝜉𝜉 𝑤𝑤 𝑁𝑁 − 𝜉𝜉 𝑐𝑐𝑇𝑇 𝑁𝑁

(A12)

𝑣𝑣̇ = 𝛺𝛺(𝑣𝑣) ≡ − 𝑟𝑟̄ 𝑣𝑣 + 𝜆𝜆 𝑤𝑤 − 𝜆𝜆 𝑐𝑐𝑇𝑇

(A13)

𝑈𝑈(𝜔𝜔) = 𝜃𝜃0 𝑛𝑛𝜇𝜇−𝜂𝜂0 (𝜔𝜔) 𝑇𝑇 𝜎𝜎0 (𝜔𝜔) 𝑦𝑦̄ 𝜉𝜉0 +𝜆𝜆0 (𝜔𝜔)

(A14)

𝜃𝜃0 𝑛𝑛𝜇𝜇−𝜂𝜂0 (𝜔𝜔) 𝑇𝑇 𝜎𝜎0 (𝜔𝜔) 𝑦𝑦̄ 𝜉𝜉0 +𝜆𝜆0 (𝜔𝜔) = 𝑈𝑈 ∗

(A15)

𝑛𝑛(𝜔𝜔, 𝑡𝑡) = 𝑔𝑔(𝜔𝜔, 𝑡𝑡), 0 ≤ 𝜔𝜔 ≤ 𝐿𝐿

(A16)

Multiplying the two sides of (A11) by n and then integrate the resulting equation from 0
to L:
Insert (18) and (A4) in (20):

where 𝑟𝑟̄ ≡ 1 − 𝜆𝜆 − 𝜆𝜆𝑟𝑟 ∗ . This is a first-order linear differential equation with constant
coefficients. We denote its solution by v(ω,t). In the rest of the appendix we treat v(ω,t)
as known functions of time. Insert (17), (18) and (4) in (16):

where 𝜃𝜃0 ≡ 𝜃𝜃1 𝜆𝜆𝜆𝜆0 𝜉𝜉 𝜉𝜉0 . Insert (A14) in (19):
From (A15) we solve:

where

1/(𝜇𝜇−𝜂𝜂0
𝑈𝑈 ∗
𝑔𝑔(𝜔𝜔, 𝑡𝑡) ≡ (
)
𝜃𝜃0 𝑇𝑇 𝜎𝜎0 (𝜔𝜔) 𝑦𝑦̄ 𝜉𝜉0 +𝜆𝜆0 (𝜔𝜔)

)

Insert (A16) in (1):
𝐿𝐿

𝑁𝑁(𝑡𝑡) = ∫ 𝑔𝑔(𝜔𝜔, 𝑡𝑡) 𝑑𝑑𝑑𝑑
0

(A17)

We can now determine all the variables over time and space by the procedure in the
lemma.
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